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Abstract 

Let be the Levy process Xt with the r largest jumps and s smallest jumps up 

till time t deleted and let be Xt with the r largest jumps in modulus up till time t 

deleted. We show that or (F)At-at)/&t converges to a proper nondegenerate 

nonnormal limit distribution as t f 0 if and only if (Xt — at)/bt converges as t f 0 to an a- 
stable random variable, with 0 < a < 2, where a* and bt > 0 are non stochastic functions in 
t. Together with the asymptotic normality case treated in [7], this completes the domain of 
attraction problem for trimmed Levy processes at 0. 


1 Introduction and Main Result 


Let (Xt)t>o be a real valued Levy process with canonical triplet ( 7 ,cr^,n), thus having charac¬ 
teristic function t > 0, 0 G M, with characteristic exponent 


d'(6') := Wj 



— 1 — iOxl 


{N<i} 


n(dx) 


7 G M, > 0, n is a Borel measure on M* := M\{0}, with A l)n(dx) < oo. The positive, 

negative and two-sided tails of 11 are 

n^(x) := n{(x,oo)}, n (x) := n{(—oo,—x)}, and n(x) := n^(x)-b n (x), X > 0. 

The restriction of IT to (0, oo) is n+. Let 11“ = !!(—•) and fil l = 11+ -|- 11“. 

Denote the jump process of X by {AXt)t>o, where AXt = Xt — Xt-, t > 0, with AXq = 0. 
Denote the positive jumps by AX^ = AXt V 0 and the negative jumps by AA^ = (—AXt) V 0. 
Note that (AA+)t>o and (AA^“)j>o are nonnegative independent processes. For any integer 
r, s > 0, let AX^'^ be the largest positive jump and Ax[^'^' be the magnitude of the 
largest negative jump up till time t respectively. We sometimes write A A) ’ for A A) . We 

-■-('^) fh 

write AXt to denote the r largest jump in modulus up to time t. For a precise and formal 
‘Email : yuguang.fan@miimelb.edu.au 


1 



definition of the ordered statistics, allowing tied values, we refer to Buchmann et al. [2] (Section 
2.1). The trimmed versions of X are defined as 

+ and Xt ■.= Xt - , (1.1) 

i=l j=l i=l 

which are termed asymmetrical trimming and modulus trimming respectively. 

For s = 0 and r = 0, one sided trimmed processes 

WXi := At-^AAf\ and A* := A* + ^ AAf^’“, (1.2) 

i=l i=l 

are special cases of asymmetrical trimming. These comprise all versions commonly referred to 
as “light trimming”, i.e. trimming off a bounded number of jumps from the process. Set 

(0,0) A^ = (o)Ai = (o)Ai = (O’-)Ai = A*. 

We are familiar with the idea of trimming in the random walks literature. Trimming seems 
to be a natural way to assess the effect of extreme values of a certain kind. In the context of 
a Levy process with infinite activity, i.e., when the Levy measure is an infinite measure with a 
singularity at 0, trimming at small times has the interesting feature that we have an inexhaustible 
amount of jumps of minute sizes. This gives a whole new perspective to trimming a Levy process 
at small times, as compared to trimming of random walks. As t oo, an increasing number 
of jumps with bigger magnitudes come into consideration for removal, but as t j, 0, jumps of 
bigger sizes progressively become ineligible for removal in the trimming procedure. This makes 
trimming at small times a non trivial effort with no exact large time analogy and promises a 
fresh perspective in seeking out potential applications. In the small time paradigm, we zoom in 
to focus on the hierarchy of the very small jumps. By such reasoning we could hardly expect a 
parallel structure between large time and small time results. 

Examples of potential applications are in high frequency finance [T], scattering of photons 
[3] and particle physics [l9]. In [3] and [H], in particular, and in many other applications areas, 
“Levy flights” (processes with heavy tailed increment distributions) are found to accurately 
describe many physical processes. 

In the special case when the trimmed processes, with appropriate centering and norming, 
converge to a normal or degenerate distribution, it is shown in (7j that the original Levy process, 
after being centered and normed with the same functions, will converge to the same normal or 
degenerate law as t j, 0. This implies that light trimming, i.e. trimming off a finite number of 
jumps, has no effect on asymptotic normality or degeneracy. The next natural question to ponder 
is whether such consistency holds for limiting stable laws. This motivates the investigation 
performed in this paper. 

In Buchmann et al. [2], representation formulae for the positively trimmed process and the 
modulus trimmed process with its corresponding ordered jumps are derived at each finite time 
t > 0. Having neither independent increments nor time homogeneity, the trimmed process is 
no longer a Levy process. But the law of a trimmed process at any finite time t > 0 can be 
represented as a mixture of a truncated process plus a Poisson number of ties (depending on the 
atoms of the Levy measure of the untrimmed process) with a Gamma random variable. This 
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representation is extended to asymmetrical trimming in Fan [7] where r positive jumps and s 
negative jumps are removed from the process. 

When the original process is in the domain of attraction of a stable law at 0, the truncated 
processes appearing in the representations, both asymmetrical and modulus types, also converge 
to a nondegenerate infinitely divisible limit random variable with the same centering and norming 
functions. We can even write out explicitly the characteristic triplet of the limit distribution. 
However when taking the Poisson number of ties into consideration, a finite limit can only be 
reached through a further subsequence tfc j, 0 for certain ranges of truncation levels (see Lemma 
2.1 in Fan [7j). 

The domain of attraction of a stable law for Levy processes at small times has been completely 
characterised, for example see Mailer and Mason HU, HU, [IS], Doney and Mailer |5], Doney gj. 
Various equivalent analytical conditions are derived in the above references. For X to be in the 
domain of attraction of an a stable law with 0 < a < 2 at 0, loosely speaking, its Levy measure 
needs to have a regularly varying singularity at 0 and the limits lim^j^okl {z)/Ii{z) must exist. 

This study is also a continuation of applying the rich ideas from the precedent discrete 
random walks literature to the continuous setting in Levy processes. But for looking at small 
time results, a degree of delicacy and meticulous care is needed to turn around the methods 
from t —)• oo to 11 0. Particular attention has to be paid to the treatment of possible tied values 
in the order statistics of the jumps. This paper hinges on many useful ideas from Kesten [12] 
where he deals with the same problem in the random walks large time setting. 

To eliminate the compound Poisson case, whose small time behaviour is trivial, assume 
n(0+) = oo throughout. The statement of the main theorem is as follows. Let Nq := 
{0,1,2,3,...} be the set of nonnegative integers. 

Theorem 1.1. Suppose n^(0+) = oo. There exist a nonstochastic function at and a nonde¬ 
creasing function bt > 0 such that, as t }, 0, for any r, s G No, 


St := —^ 7 —- converges in distribution as t fO, 


(1.3) 


if and only if 


or equivalently, 


ir,s)g ^^’^^Xt-at 


converges in distribution as t fO, 


(^)St := —- converges in distribution as U 0. 

bt 


(1.4) 


(1.5) 


When r = 0 or s = 0 in referring to (|1.2I) . we define the one-sided trimmed process 

with centering at and norming bt by 


:= 


is,-)Xt - 


at 


and := 


{r)x, - 


at 


Throughout the paper, (II. 4p and (II. 5p will be written as St) —)• G and Law{^^'^St) —>• 

G as 11 0. 

When (jl.3l) holds, the limit distribution could be a degenerate distribution, a normal distri¬ 
bution or a stable law with index in (0,2). In the case of asymptotic degeneracy or normality. 
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by m, the limit distribution of the trimmed process in (jl.4p or m is the same. When Xt 
is in the domain of attraction at 0 of a stable law with index in (0,2), we can derive that 
the trimmed process with the same centering and norming will converge to a corresponding 
“trimmed stable law” (see Lemma 13.ip . This is the “easy” direction of Theorem 11.11 In general 
the limit distribution in is different from that of m or m unless the limit is normal 
or degenerate. 

The converse directions in Theorem 11.11 for non-normal convergence present a much harder 
problem. Attention was drawn to this problem in the random walk setting by Mailer m and 
Mori ultimately to be resolved in Kesten m- Our main objective in this paper is to address 
this problem in the Levy setting. Because there is no “small time” concept for random walks, 
some quite different methods have to be developed, which may be of use in other applications. 
Some particular instances of this are flagged where they occur in the proofs, and see Section [6] 
where the quadratic variation plays a key role in removing an assumption of continuity. 


Remark 1. (Domain of attraction of a trimmed stable process) 

We say that a stochastic process Xt is attracted to a random variable Y at 0 if there exist 
nonstochastic functions G M and bt > 0 with | 0 as t 0 such that (Xt — at)/bt Y. 
Define an r, s-trimmed stable process analogously to and (II.2p where {Zt) is 

an a-stable Levy process with index a G (0,2). We can deduce that there exist nonstochastic 

functions a^, bt such that {^'^’^^Xt — at)/bt —)• T if and only if T = To see this, note 

that if the trimmed X process converges to a non-normal non-degenerate distribution, then by 
Theorem ll.il the original process also converges, with the same centering and norming functions, 
to a non-normal non-degenerate random variable Y. Then [T3] (see Theorem 2.3) shows that 

Y is necessarily a stable law. Then by Lemma l3. II (below), we have the limit random variable 

Y = This proves the necessity. Conversely, for each there exist a Levy process 

Xt and nonstochastic functions G M and bt > 0 such that {Xt — at)/bt Zi. Hence by 
Lemma o again, {r,s)Xt 

is attracted to We call an r, s-trimmed stable random 

variable and its distribution an r, s-trimmed stable law. So we have shown that for each r, s- 
trimmed stable law, there exists a Levy process Xt such that the r, s-trimmed Levy process 
{r,s)x^ 

is in its domain of attraction. So any r, s-trimmed stable distribution has a nonempty 
domain of attraction. And all possible non-degenerate non-normal limits of normed, centered, 
r, s-trimmed Levy processes are r, s-trimmed stable distributions. A similar characterisation 
holds for the modulus trimmed domains of attraction. 

2 Preliminary Results 

Through this section, we assume (|1.4p or dLSD. We can first eliminate the case when the limit 
distribution in m or (jl.Bp is a normal or degenerate law as this case has been thoroughly 
dealt with in [^. It has been proved in that if (HH) or holds with limit distribution 
being normal or degenerate, St also converges to the same law. This is derived in [7] by first 
showing that the tightness of or ^^^St implies the tightness of St (see Theorem 1.1 in 

0)- By eliminating the degenerate distribution, we have that (jl.4p or (II.5p implies that the 
untrimmed process Xt is in the Feller class (refer to Mailer and Mason [16] for more details on 
properties of Feller class) at 0, i.e. St is stochastically compact as t | 0. This is also shown in 
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[7]. By relating to analytical eqnivalences for the Feller class in terms of the tail of the Levy 
measure and the truncated moments, we can derive bounds for important analytic quantities in 
the present situation. These quantities are then used to estimate the magnitudes of both the 
positive and negative tail probabilities of the trimmed process for sufficiently small t. 

The tail of the marginal distribution of the trimmed process is very hard to compute with the 
precision needed to prove Theorem ll.il Even with the knowledge of the representation formula 
in [2], it seems extremely difficult to express the tail probabilities in terms of useful quantities, 
for example, in terms of the tail of the corresponding Levy measure. Hence the idea we pursue 
is to bound the trimmed process above and below by the distribution of its next largest jump. 
The distributions of these ordered jumps can be computed directly, for example in Fan m , in 
terms of the tail of the Levy measure and also estimated asymptotically. 

Our aim, then, is to show that (jl.4|] or (II.5|] implies that H is regularly varying with an index 
a e (0,2) at 0 and also that the limits H {z)/Ii{z) exist as z —)• 0. It seems to be particularly 
difficult to prove the latter fact from (11.51) as the order statistics of the modulus jumps have 
an expression entangling both H and H^. Once having done this, however, Theorem 2.3 in 
Mailer and Mason [H] can be used to show that the untrimmed process Xt is in the domain of 
attraction of a stable law at 0. 

2.1 Inequalities for the normed ordered jumps 

Recall that in Fan [7] Theorem 1.1, it is proved that the tightness of the trimmed process 
for given at and bt > 0 implies /bt are tight at 0 for all A: € N. Note that this implies 

—)• 0 as t 0. Therefore, by adding a finite number of tight families, we can easily derive that 
St is tight at 0. We can write Axj:''’^'^ = n^’'^(rr/t) for each r G N, where F^ is distributed as 
Gamma{r, 1) (see [2] or m) and n denotes the inverse functions. When / : (0, oo) [0, oo) 
is a nonincreasing function, its right-continuous inverse is 

f^{x) = mf{y > 0 : f{y) < x}, x > 0. 

Then for each fixed v,u > 0, there exist constants and Cu such that for all sufficiently small 
t, we have 

!T^’^ {v/t) < btC^, and TT"’^ (u/t) < btCu- (2.1) 

To see this, suppose on the contrary that there exist sequences {tfc} | 0 and {M^} oo such 
that n"*~’^(n/tfc)/6ij. > Mk for all A: G N. Then for each A; G N, we have 

1 _ e- < P{AX[^J > it'^iv/tk)) = p( ^ > Mk\ . 

Since Ax[^'^/bt is tight at 0, the RHS tends to 0 as A; —)• oo. As x > 0 is arbitrary, this gives a 

contradiction which proves the first inequality in (12.111 . The second inequality is proved similarly. 

By the same argument, under the assumption that ^'^'St is tight, the normed modulus ordered 
-— (fc) 

jumps are tight, i.e. AX^ /bt is tight for all A; G N as t j, 0. By the same argument, then, for 
each X > 0, there exists a such that, for all sufficiently small t, 

TT^ {v/t) < btC,. (2.2) 
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An equivalent analytical condition derived in Fan [7j for the tightness of all normed ordered 
jumps /bt, r G N, is 

lim limsuptn^(x6j) = 0. (2.3) 

40 

Then for each e G (0,1), there exists xi(e) large such that 

limsuptn^(x6t) < e, x > xi(e), (2.4) 

40 

and there exists ti(e,xi) small such that for all x > xi and 0 < t < ti, tl\^{xbt) < e. A similar 
expression is true with 11 replaced by 11. Recall from Fan Lemma 3.1 that the distribution 
of the (r + 1)^* largest jump satisfies 

P(AXr+^) >y)= P{Tr+i G du), 2 / > 0. (2.5) 

Jo 

Hence, we have as lower and upper bounds for the distribution of the ordered jumps 


(r + 1)! 


< >y)< 


(ffl+(2/))-+^ 
(r + 1)! 


Replace y by xbt- By (12.41) . we can choose xi(e) such that (xbt) < e < — log(l — e) for 
X > xi(e) and t < ti. Then, 


1 > 


P(AA^^^+^^ > xbt) 

{tTt{xbt)y+yir + l)\ 


> > 1 - e, 


X > xi(e). 


t < ti. 


Therefore if (HID or m holds in Theorem 11.11 for any e > 0, we have for each x > xi(e) and 
all 0 < t < ti. 


1 - e / =+, . 


tU"{xbt )) < Pi Axf> x6t) < 


and similarly, 


(r + 1)! 


1 - e / —. . 


tn {xbt 


r+1 


(s + 1)! 


(m (xftf))" <p(^AX^"^^^’ >x6t)< 


(r + 1)! 


tn {xbt 


( 2 . 6 ) 


s+l 


(s + 1)! 


2.2 Eliminate Normal and Degenerate Limits 

We have assumed (HID or (HSD, so, as discussed in Section 12.11 St is tight. Recall that (|1.3p 
holds if and only if the limit distribution is an a-stable (0 < a < 2) or a normal (or degenerate) 
distribution. It has been proved that Theorem 11.11 holds if the limit random variable is a normal 
or a degenerate distribution (see Fan [7]) Theorem 1.2). We now want to eliminate the case 
when Xt is in the domain of partial attraction of a normal law. Suppose this is the case. Then 
St converges to a normal random variable, without loss of generality say N{0, 1), through a 
subsequence. Then the trimmed process ^'^’^^St or also converges to A(0,1) through the 
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same subsequence, hence by assumption (jl.4p or (jl.Bp . we have that or converges to 

A^(0,1) through the whole sequence since we assume that these do have a limit as t 4- 0- This 
reduces to the case that has been studied in [7], which we can exclude. Therefore we can assume 
that Xf is not in the partial domain of attraction of a normal law. 

For each x > 0, denote the truncated mean and second moment functions by 


z/(x) = 7 — / yn(dy), and V{x) = a^+ / y^n(dy). 
Jx<\y\<i J\y\<x 

Now Xt is in the domain of partial attraction of a normal law if and only if 

z^Ti{z) 


lim inf ■ 


= 0 . 


24,0 V (z) 

See [ 6 ] for a proof. Therefore by eliminating this case we have that 

z^Tl(z) 


lim inf 


24.0 V (z) 


> 0 and a = 0 . 


(2.7) 


In the same way we can also eliminate the case when St converges to a degenerate limit 
through a subsequence. So we can conclude that Xt is in the Feller class at 0, which is equivalent 
to (see Theorem 2.1 Mailer and Mason m), 


lim sup 
24.0 


z^n(z) 

'vW 


< 00 . 


From here onwards, in addition to dm) or we will assume that cr^ = 0 and there exist 

constants 0 < Ci, C 2 < 00 such that, for all small z > 0, (without loss of generality, say z <1), 
we have _ 

Cl < <C 2 , 0<z<l. ( 2 . 8 ) 

Note that U{z) = V{z) + z‘^Il{z). (12. 8 p also implies that 


0 < 


Cl 


< 


'n(z) 


< 


C 2 


1 + Cl U {z) 1 + C 2 


<00 for 0 < z < 1 . 


(2.9) 


2.3 Inequalities for the Tail functions and Norming functions 
From (j2.8p . we can derive the following. 

Lemma 2.1. Assume (|1.4p or (US]) holds, so that St is tight and (j 2 . 8 h holds. Then, for all 
0 < X < 00 , 

0 < liminf tn(x 6 i) < limsuptn(x 6 t) < 00 . ( 2 - 10 ) 

40 40 

Proof of Lemma [KT\ Since St is tight as t 0, by (j2.3p . we can find an oq > 0 such that for all 
X > ao 

limsup tn(x 6 f) < 00 . 

40 
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Note that y(-) is a non-decreasing function and n(-) is a non-increasing function. Since bt — )• 0, 
we can choose t 2 = ^2(00) such that aobt < 1 for 0 < t < t2- Then for any 0 < x < uq and 
0 < t < t 2 ) we have xbt < 1, so by (I2.8p . 


C. < < Cj. 


tv(xbt) 


Hence for each fixed x < qq and t < t 2 , 


7. ^ ^ tv (xbt) ^ ^ tv(aobt) ag ^ <^200^:^;:^ u \ . 

tll{xbt) < C2 —^Tn— < C2 -2I2-1 - 7;—t^n(ao6i) < 00. 


x‘^b ‘1 


albj X- 


- Cix 2 

This proves the right hand inequality in (I2.10h . Suppose we have for some oq > 0, 


liminf tnfanbt) = 0. 

40 

Then liminf^o tIL{xbt) = 0 for all x > qq . For each x < oq, by (j2.8p . 


tll{xbt) < 


C2tV{xbt) ^ C2tV{aob 




< 


x‘^b‘^{t) 


- s ( 4 ?) 


This implies that for all x > 0, limfc_^oo ^fen(x6(tfc)) = 0 for some sequence {t^} | 0. Since St is 
tight, St^ converges to a finite random variable Y along a subsequence of {tk}, still denote it as 

{tfc}. Kallenberg’s convergence criterion (Theorem 14.15 in [TT]) states that, {Xt^. —at^.)/btf, 

Y as k ^ 00 , where Y is an infinitely divisible random variable with canonical triplet (/3, r^, A), 
if and only if for each continuity point x > 0 of A , 

tkU"^(xbt) ^ (x) and ^2 ^ f y'^A(dy). 

But then the subsequential limit Y has Levy measure 0. Thus Stf, converges to a normal or 
degenerate distribution, which possibility we have excluded. So 


liminf tliixbt) > 0 for all x > 0. 

40 

This proves the left hand inequality in (j2.10l) . completing Lemma l2.ll 

□ 


Take x = 1 in (I2.10p . Then there exist constants 0 < Cs, (74 < 00 , t 2 (l) such that 

0 < (73 < tll{bt) < C 4 < 00 for 0 < t < ( 2 ( 1 )- (2T1) 

The next lemma gives us more bounds from ()2.8p and Lemma l2.ll 

Lemma 2.2. Assume (jl.4|) or (11.51) holds, so that (12.8|) and (I2.inp hold. Then 

(a) There exist constants 0 < C 5 , D < 00 such that for any A>l,0<z<l with Xz < 1, we 
have 


n(z) 

n(Az) 


< dsA^. 


( 2 . 12 ) 





















(2.13) 


(b) For each A > 1 and 0 < z < 1 such that Xz < 1, we have 

w - (1 ^ C 2 )A<', «,here p = 2^ < 2. 

(c) There exist constants 0 < Cq,C 7 < oo with 0 < p < 2 defined as in (I2.13p such that for 
X > 1 and t < t 2 {x), 

Cex-^ < m{xbt) < < C 7 xP-\ (2.14) 


Proof of LemmalKM' (a) Suppose for any 0 < z < 1 that Ii{z)/Ii{2z) < Mi for some 1 < Mi < 
oo. Take A > 1 and A; > 1 such that 2^“^ < A < 2^. Then 

ujz) ^ _n(^) _ ujz) n{ 2 z) n(_ 2 ^-iz) ^ 

n(Az) “ n(2fcz) Ii{2z) Ii{2‘^z) n( 2 ^z) “ ^ ’ 

for all 2 ^ 2 ; < 1. This gives 

Ml = _ 2iog2Afi2(fc-i)iog2Mi ^ = CsA^ 

Hence to show (12.121) . it is sufficient to show that n( 2 ;)/n( 22 ;) is bounded for 0 < z < 1/2. 
Suppose not. Then there exists a subsequence {z^ i 0} such that Il{zk)/^{2zk) —>■ oo. Since 
then 

zl{Ii{zk)-Tl{2zk)) ^ 1 / ^{zk) _ ^ ^ 

{2zk)m{2zk) 4 Vn(2zfc) ) 

we have 

{2zkfli{2zk) = o{zl{Tl{zk) - n(2zfc))) = o{zlll{zk)) = o{U{zk)) = o{U{2zk)). 

This implies that ( 22 ;fc)^n( 22 ;fc) = o{U{2zk)), which contradicts ()2.9I) . 


(b) We follow a similar argument as Feller [9]. Let A > 1 and p = 2 C' 2/(1 + ^ 2 ). From (12.9p . 
for 0 < z < y < zA < 1 , 

2yn(y) ^ 2 C 2 1 ^ p 
U{y) ~ I+ C2y y 

Observe that integration by parts gives U{z) = 2 yll{y)dy. In particular U is absolutely 
continuous with a.e. derivative U'{z) = 22 ;n( 2 :). For x > 1 and xz < 1, integrate to get 


log 



giving U{zX)/U{z) < A^. Then 



2 yn(y) 

U{y) 


dy < /o 



-dy 

y 


plogA, 


V{zX) < U{zX) < XPU{z) = XP[V{z) + z‘^U{z)] < A^H(z)(l + C 2 ). 


This proves (12.1311 . 
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(c) For X > 1, and t < t 2 {x) so that xbt < 1, combine (j2.1ip with (j2.12p to get 

tTi{xbt) > C^^x-^m{bt) > CsC^^x-^. 

Also by (12.81) and (j2.13l) with xbt < 1, 

TTr r ^ ^ y{xbt) ^ V{xbt) _2^(&t) ^ ^ p-2Tjtu ^ 

Ii{xbt)<C2 —^To- = C2 T./, N X —p^<—{l + C2)x^ n( 6 i). 


x^l V{h 

By (|2.15p . ()2.16p and p2.1ip . we have 


6 ? -Cl 


(2.15) 


(2.16) 


CaCg-^x-^ < m{xbt) < ^^(1 + C2)xP-^ := 

Cl 


hence completing the proof of (|2.14|) . 


□ 


Lemma 2.3. Suppose (11.41) or (II3]) holds. Then the norming function bt = b{t) satisfies 

6 (l/n) ~ 5(l/(n + l)). (2.17) 

Remark 2. (12.171) generalises a similar result in Mailer and Mason who show that (j2.17l) 
holds when St converges. They show further that the convergence of the untrimmed process to a 
stable process with 0 < a <2 implies bt G RV{l/a) at 0. 

Proof of Lemma \2.3[ First, we consider only the positively trimmed case, i.e let ^^St = {^^Xt — 
o-t)/bt converge to a random variable Y in distribution as t f 0. Let A > 1 be fixed. Then 

^^^Sxt Y as 1 1 0. Write 


(r)^ I (r)_ ^At - Xt ^ ^^Xt - ^ QAf " 


2=1 


_btj bt 

For each e > 0, 

P {\Xxt - Xt - {X - l)tu{bt)\ >ebt) 

<p (|.>f(A-l)< - (A - l)ti>{b,)\ > Ebu Dll < bX + F(| Ax|Li),I > bi) 

e 0^ 


(2.18) 


(2.19) 


Choose subsequences tn = l/(n + 1) and Xn = 1 + 1/n, then Xntn = 1/n. Note also that by 
(12.lip , we have tn( 6 t) < C 4 . Then 

(An ~ l)^nn(6f^) < —C4 ^0, as n —7> 00. 


n 


Also by (12.81) . we have for each e > 0 , 

(An - l)tnV{btfi} 


1 e 


-2 


bn 


< --p^tnllifitj < --p^rCi ^0, as n ^ 00. 
n Cl n Cl 
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Therefore, we see that the last line of (j2.19p tends to 0 along the subsequences and {A„}. 
This implies 

~ ~ (An ~ ^)in^{btn) P ^ ^ ^2 2Q^ 


0 , as n —)> oo. 


Next note that for each i = 1,... ,r, 


P(|AX|*^ — > ebt) < P (> ebt, no jump exceeds AX^'"’ on (t, Xt 


I 




(di 


"(d 


+ P ^at least one jump AA^ exceeds Axf^ for s G (t, Xt 

r-oo 

= 0+1 — P(no jump exceeds n''"’^(u/t) on (t, At] j P(rj G du) 

1*00 

< (A — l)t / uP(rj G du), 

Jo 


( 2 . 21 ) 


where Tj is Gamma{i, 1) and the last inequality holds because lT''(n'*~’^(x)) < x and 1 —e“^ < x 
for X > 0. Again choose tn = 1 /(p + 1) and An = 1 + 1/n. Then the RHS of (I2.2ip is less than 
(l/n)i?(rj) —?■ 0. Therefore we have 


" Aa|*\ -AA^*^ p 

^Q as n cx). 


( 2 . 22 ) 


2=1 


Substitute (I2.20p and (|2.22l) into (12.181) . and let 

^Ijn ai/(n+l) ^(^l/(n+l) )/^(^ T 1) 


dn, .— 


h/(n+l) 


Then we have shown that 


6 (l/n 


6 (l/(n + 1)) 


M5i/„-dn + Op(l)^y 


as n ^ oo. 


But —)• y as well. Applying the convergence of types theorem (see e.g. Gnedenko and 

Kolmogorov |10j Theorem 10.2), we have both 


6 (l/n) 


6 (l/(n + l)) 


1 and dn —>■ 0 as n —)• oo. 


This completes the proof of (|2.17l) for the positively trimmed process. With a similar argument 
as in (|2.21l) . we can show that as n —>■ oo, 

" AAp'^r - AaP'^’" p 

\ _ Antn _q 

j=i 

Hence (12.171) can be proven similarly for the asymmetrically trimmed case. Similarly the same 
argument holds if we assume (|1.5p instead. □ 
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3 Proof of Theorem II.lb Forward Direction 


First we will deal with the easy direction of Theorem ll.il Let W be the limit in distribution of 
(Xt — at)/bt as 11 0- If IF is a normal or degenerate random variable, by Fan [7] (see Theorem 
1 .2), we have that all normed ordered jumps converge to 0 as t 0 and the corresponding trimmed 
processes converge to the same normal or degenerate distribution. Hence we can assume that W 
is a non-degenerate and non-normal random variable. By Mailer and Mason [TTj (Theorem 2.3), 
W is necessarily a stable random variable with index a G (0, 2). Therefore X^ is in the domain of 
attraction of a stable law. This implies that the tail of the Levy measure H is regularly varying 
with index —a at 0, i.e. 


n(x 2 ;) 

hm ^ = X , 
^10 Ii{z) 


X > 0. 


This further implies that the Levy measure has no atoms asymptotically, that is 


lim 

2:4,0 


An^(z) 

n(^) 


= 0 


(3.1) 


where An^( 2 ;) = n^( 2 :—) 




{z). To see this, observe that 


^ n(z^-n(z) ^ u{z^ - g)) _. ^ _ x-a _ 1 ifo Q 

n(z) - n(z) 

Now we need to introduce the distributional representations from Buchmann et. al. [2] and 
Fan [7]. Define three families of processes, indexed by re > 0, truncating jumps greater than w 
or smaller than —w from sample paths of Xt- Let w,t > 0- When n(0-|-) = 00 , we set 




:=Xt- 


E 

0<s<t 


AW 1 


s -*-{AXs>ti;}? 




:=X.- 


E 


s -^{AJYs<— 11 ;} ? 


(3.2) 


0<s<t 


and for the modulus case, we truncate jumps with magnitude greater or equal to w, i.e. 

xr ■.= Xt- Y, AXs 1{\AX4>^}- (3.3) 

0<s<t 


Recall that the canonical triplet for X is ( 7 ,(T^,n). Under the assumption n(0-|-) = 00 , 
{Xf^)t>o, {X^~'^)t>o and {X]^)t>o are well defined Levy processes with canonical triplets, 
respectively, 




’w<x<l 


7 + 


/ W<X<1 


a7ll(dx), <7 , , 

xn"(dx), cr^ n(dx)l{ 3 ,>_^}^ 


and 






xn(dx), cr^ n(dx)l{| 3 ,|<,u,} 


(3.4) 
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By Theorem 2.1 in [2] and Section 2 in [7], an r, s-trimmed process has the following represen¬ 
tation. Let (Y^) be Poisson processes with unit mean, independent of {Xt) and of each other. 
Define random variables 

and (re) = 11^(11^’^(tc)—) — re, for each t, tc > 0. 

The random variables reflect the possibilities of ties among the ordered jumps. For each 

u,v > 0, let be an infinitely divisible random variable with characteristic triplet 

where 


'7ult,vlt 1 




'll ’ (u/t)<X<l 


xll (dx). 


For each r, s E N, let F^ and F^ be standard Gamma random variables with parameters r and 
s, independent of {Xt)t> 0 i (^t^)i>o as well as each other. Then for each t > 0, we have the 
following representations for the trimmed processes, asymmetrically. 


XX^;\ 


^ n"’" (x), n ’^ («) ^ . ( 3 . 5 ) 

V=Vr/t^U=Ts/t 

For each u > 0, recall the modulus truncated process [x]^ in (13.3p with canonical 

triplet defined in (j3.4|] . Then, for each t > 0 and r E N, we have the representation 


v=Vr/t 


Ma*, i (x'l + G'l, (u)) 

where GJ' = n^(u)(y++(^) - and 

= (n(n^W-) - 

With the above considerations, let’s prove the easy direction of Theorem 1 1.1 1 in the following 
lemma. 


Lemma 3.1. (jl.3p implies dm) and (USD. 

Proof of Lemma lS. li From the above analysis, without loss of generality, we can suppose = 0 
and that the limit random variable Y is infinitely divisible with triplet (0,0, A) where A(x) = 
cx““ for some constant c > 0 and a E (0, 2). From the representation formula in ()3.5p . we have, 
for each x > 0, 


^ - at 

V 



/ ^ 

J u,vG{0,oo) 


X, 


ult,vft 


+ G. 


-,v/t 


G 


— ,ult 


- at 


< X 


PfPr £ du,Fs E du). 


(3.6) 
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By separating the events with tied values and without, we get from (j8.6|) that 


P 




f p 

J u,vG{0,oo) 


X 


t 





P(rr E du, Bs E dti) + 6t 


(3.7) 


where 

6t= I 


X 


UltyVjt 

t 


+ Gi 


-,v/t 


-G 


— ,ult 


- at 


< X, Gf"'^ - G~''^'^ + 0 1 P(r^ E du, r, E drt). 




' u,vG{0,oo) 


Now 

p(g+.-a _ Q-,u/t ^ 0 ) < 1 - = 0 ,y,= o) (s.s) 

in which 

P{ytp+{v/t) = '^,Ytp_{u/t) = 0 ) = exp(-m’^(n’^’^(u/t)-) +'(;)exp(-m’^(n’^’^(u/t)-) + tt). 

By dal]), for each e > 0, we have An( 2 :) < en(z) for sufficiently small z > 0. Hence, for each 
u > 0 , for sufficiently small t > 0 , we have H ’^{v/t) small enough that 

0 < -v< tAn^(n^’^(u/t)) + tAn"(-n"’^(u/t)) 

< etn^(n+’^(u/t)) +em“(n“’^(u/t)) < 2 ev. 

Letting e —)• 0 shows that the RHS of ()3.8p tends to 0 as 1 1 0 for each v,u > 0. This shows 
that — G^ = 0) tends to 1 and —>■ 0 as 1 1 0. Consequently, we can neglect these 

terms in dan). 

By assuming D, we have also the convergence of the centered and normed truncated 
process (see Lemma 2.1 in 0 ), i.e. 

J^ult,vlt _ 

—-— - - —>■ as 11 0 , for each u,v > 0. 

h 

where is an infinitely divisible random variable with characteristic triplet {/3u,v,0, 
given by 


fiu,v — 1 


{A^’ R)< 1 } /t+>- 


yA(dy) + l ^-.^ / yk (dy), 


and 


/a ’ {v)<y<l 

Au,Mx) = for x E M,. 
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Apply dominated convergence to the integral in (13.71) to get 


lim P 
tto 




/ lim P 

lu,v(£{0,oo) 


' -yult.vlt 

A. - at 


< X P{Tr G dv, Fs G dn) 


/ 

JUs' 


P < x) P{Tr G dv, Ts G du) = Y 


“’■"I ~ =■ w. 

u£rr,v£TB 


(3.9) 


' u,v£{ 0 ,oo) 

Hence we have proved (11.41) with W as the limit random variable. The proof for (11.51) is similar. 


□ 


Remark 3. The limit random variable W in (|3.9n has the distribution of^^’^^Yi, where {Yt)t>o 
is a stable Levy process with canonical triplet (0,0,A). This can be derived by applying the 
representation formula (Theorem 2.1 ofj^) again to the stable limit. Hence, 

St^Y implies ^ astfO. 

An alternative derivation of this is given in m, where it is shown that the trimming operator 
as defined in (ttH) is indeed a continuous operator in the space of cddldg functions with respect 
to Skorokhod’s Ji topology. 


4 Proof of Theorem ll.lt Converse Direction 

At this stage it is convenient to assume further that 

the Levy measure of is diffuse; that is H^ are continuous functions on (0, oo). (4.1) 

Later we will show how to extend the result to full generality. Assumption (14.11) allows for the 
following simplification: 

V = tn^(n^’^(u/t)) < tn^(n^’^(u/t)— ) = v, for each v,t > 0, 

which will often be used in what follows. This assumption also means that tied values in the 
jumps of the Xt occur with 0 possibility for every t > 0 . 

To proceed, we need both a lower and an upper bound for the tail probabilities of the trimmed 
process, > x) and < —x), X > 0 in terms of the tails of the corresponding 

Levy measure. We will develop the bounds in Lemmas 14.11 to 1431 Recall that G and G are the 
limit distributions of and respectively when t fO. 

Lemma 4.1. If (jl.4p holds, then for all e > 0, there exist yo = yo{e,G) > 0 and X 2 {yo,G) > 
xi > 1 such that for all x > X 2 , y > J/O; we have, for sufficiently small t > 0, 

P(AAf> (x + y)ht) < (1 + > x ), (4.2) 

and for each s G N, 

P(Axf+^)’- > (x + y)bt) < (1 + < -x). (4.3) 
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If dLS]) holds, then for all e > 0, x > X 2 , y > yo and sufficiently small t > 0, 

>{x + y)bt) < (1 + e)P{^''^St > x ), 

and 

<-{x + y)bt) < (1 + e)P('"^St < -x). (4.4) 

Proof of Lemma \4-l\ Here we only prove (I4.2I1 . (I4.3I1 - (I4.4I) are proved by similar arguments. 
Assume (jl.4p . Take x > 0, y > 0. Then 

>x) = P > a:) 

> P > -y, > (x + y)bt) 

= p(Axf> (x + y)^^) - P < -y, Axf+') > (x + y)ht) . (4.5) 

Recall from the bounds in m and ( 12 . 2 p that for each x > 0 and t > 0 sufficiently small, we 
can choose x + y>C{v,G) such that {x + y)bt > C{v,G)bt > H '^{v/t). Then 

P < -y, a4’'+') > (x + y)ht) 

<P > (x + y)bt, Axf> n+’^(x/t)) 

+ p (^ir+ls)g^ < _y^ Axf> (x + y)bt, < n+’^(x/t)) 

=:(I) + (II). (4.6) 


We would like to show that both (I) and (II) are of smaller order than P^Axj:' > {x + y)btY 
Recall the joint distributional formula in [2] (see their Theorem 2.1), from which we can compute 
the probability (recall that for any x, y > 0 , H ’^{v) > y iff n (y) > V and also H is assumed 
to be continuous) 

(I) = p (n+’^((r,+i + ^)/t) > Tt’^{v/t), n+’^(r,+i/t) > (x + y)bt) 

= p (r,+i + g < m+(n+’^(x/t)), r,+i < m+((x + y)bt)) 
tn^{{x+y)bt) 

{I - e-^^-^^)PiTr+i G dw) 

rtn'^ {{x+y)bt) 

< {v — ri)P(rr+i G drt) 

Jo 

i-m''' {{x+y)bt) 

<v P(rr+i G du) = vP{AXi ^ > (x + y)bt). 

Jo 

In the last line we used the representation of the order statistics in (12.511 . 

Let X be the Poisson point process of jumps of X up till time t. Hence X is defined on 
[0,t] X M with intensity measure dt x n(dx). Since by assumption ()4.1I) H is a diffuse measure, 
then P(X[[0,t] x {x}] > 0) = 0 for each x G M. Also by the continuity assumption, we have 

P ^X[[0,t] X (n~''’^(x/t), oo)] = r'j = P ^X[[0,t] X [n'''’^(x/t), oo)] = 
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Now we can write the second term in (j4.6jl as 


(II) = P(^ — at < —ybt, exactly r + 1 jumps AXg with s < t exceed (x + y)bt, 

and no jump occurs in (n''^’^(u/t), (x + y)bt 
<p(^ir+hs)g^ < -y|x[[0,t] X (n+’^(x/t),oo)] = r + l) 

X P(X [[0, t] X ((x + y)bt, oo)] = r + 1) 

< P > (x + y)bt) < -y | X[[0, t] x (n+’^(x/t), oo)] = r + 1). (4.7) 

Recall the definition of in (|1.2I) and the truncated processes in (|3.2I) . Note that 

P < -y, X[[0,t] X (n+’^(x/t),oo)] = r) 

= p{(^’PXt<-y,X[[0,t] X (n+’^(xA),oo)] =o) 

= P < _y^ . 

Now for sufficiently small t > 0, 

P{ < -y) 

> P < -y, X[[0,t] X (n+’^(x/t),oo)] = r) 

= p((^’PSt<-y,X[[0,t] X (n+’^(x/t),oo)] =o) 

= <-y|X[[0,t] X (n+’^(x/t),(X))] =0) e-". 

Hence 

limsupP < —y I X[[0,t] x (n''"’^(x/t),oo)] = o) 

< limsupP(^^’^^5't < —y) < G{—y + 1). 

40 

Choose V < e and yo = yo{s, G) such that for all y > yo, 

e"G(-y+ !)<£. 

Hence the last line of (14.71) is less than, for all sufficiently small t > 0, 

eP > (x + y)bt) . 

Substitute the estimates for (I) and (H) back to (14.51) . to get, for sufficiently small t > 0, 

(1 - 2e)-^P((’'’*)5t >x) > P(^Axf+^^ > (x + y)6t). 

Hence we have shown (j4.2p . 

□ 


17 


The upper bound of > x) is more complex. First let us introduce two more param¬ 

eters T] and S such that 0 < ?? < 1, and define 5 in terms of r], t and x to be 


5 = 6{T],t,x) = |log(ffl(x6i))| 


(4.8) 


Take logs on both sides of (|2.14p . Then for x > xz{p, D) > xi > 1 and 0 < t <t2{x), there exist 
constants Cg and Cg such that 

Cglogx < \log{tIl{xbt))\ < Cglogx. 

Hence for some constants 0 < Cio, Cn < oo and for x > x^ip-, D) >1 and t < t2{x), 


Cio^<5{p,t,x)<Cn^. 

log X log X 


(4.9) 


Recall the truncated first moment function i/(-) in (|2.7I) . Since St is tight as t 4- 0; by Theorem 
14.15 in there exist constants 0 < M 2 < 00 and t^{M 2 ) < ^2 such that for all t < 

at - ti'{bt) < M2bt. 


Then for x > X4{p) > X3 such that xCiop/ logx > 1, we have Sx > 1 hy ()4.9p and 


t\u{bt) - I'iSxbt)] 


t [ yn(dy) - [ ?/n(dy) 

•bbt<\y\<l J 5xbt<\y\<l 

t f 2/n(dy) 

Jbt<\y\<Sxbt 


< t6xbtll{bt) < C^Sxbt, (from (12.111)1 . 


Then choose x > x^{p^ M 2 ) > X 4 such that x > 4 M 2/?7 and logx > and t < t 3 {M 2 ), so 

\at - ti^{6xbt)\ < \at - tiy{bt)\ + t\i^{bt) - i'{6xbt)\ 

< {M 2 + Ci5x)bt < f 7 + pxbt < \pxbt. (4.10) 

\ 4 log X J 2 

Lemma 4.2. Suppose (11.411 holds. Let 0 < t] < 1 and e > 0. Then for 6 defined as in (14.811 . for 
each X > XQ{s,r]) > X 5 there exists tfie,p,x) < tg such that for all t < t^ 

P > 7]X, < dxbt^ < s {mixbt))^''''"^^^ , (4.11) 

and 


P < 5xbt'^ < e(m(x6f))«^+bvs)+i < e{m{xbt))''^^. (4.12) 

Suppose ([LSI) holds. Then under the same conditions, 

P > px, < 6xbt^ < e {m{xbt))^'’^"^^^. (4.13) 
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Proof of Lemma \4.2[ Here we only prove (j4.11l) . (j4.12p and (|4.13|) can be proved similarly. For 
t < and X > x^{r], M 2 ) as in (14.101) . 

P > rjx, Axf< 6 xbt'^ 

=P -at> vxbt, Axf< 6 xbt) 

<P - ti^{5xbt) > ^r]xbu Axf< Sxbt'^ . (4.14) 

The third line comes from the estimate in (j4.10l) . Note that on < 6 xbt}, the truncated 

process with jumps having magnitude smaller than 6 xbt is bounded below by the trimmed process 
as follows. Recall the truncated processes defined in (13.2p and (|3.3p . and write 

{r,s)x^ = ^ AA® < ^ AxP~ 

i=l i=l 

s 

^ j^Sxbt +E AA®“l{AAf^" < 6 xbt} < Af+ sSxbt. 

i=l 

We can choose x big enough that (r V sjCn < log(x), and (r V s)6 < ^r], and then the last line 
of (I4.14P is less than 

P ^Af - tv{5xbt) > \r}xb^ . (4.15) 

By compound Poisson approximation, we can write a Levy process A* as the sum of the 
compensated small jump process and the large jump process as follows, see e.g. Sato [TS]: for 

/i > 0 


— ti/{h) = lim j AAsl{e < | AA^I < h} — t f 

40 Je<\y\<h 


yU{dy) 


= : limA^^Ve). 

etO 


(4.16) 


Hence setting h = 5xbt, for each e > 0 and any A > 0, by Markov inequality, (I4.15|) is less than 
P (^Af ^(e) > ^yxbt^ = P < E (4.17) 

By Levy-Khinchine formula and also that — 1 — x < e^x^/2, x > 0, we have 

^/'gAx) exp t[ - 1 - Ayl{|?/| < 1}) n(dy) 

^ ^ Je<\v\<h ^ ' 


< exp t 


(Ay)^ 


V E<\y\-M 

< exp 

< exp 


5^m(dy) 


L 


^<\y\<h. 


y^n(dy) 


(4.18) 
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Note for x > X 4 (r/), 6 x > 1, there exists t 4 {e,r],x) < such that for t < t^, h = 5xbt < 1. Note 
that the last line of (j4.18p is independent of e and by (|4.16p . the lim^^oexists. Choose 
A = h~^ = { 8 xht)~^. Then by (I4.16h . (I4.17h and (I4.18p . the last line in (I4.14h is less than, using 
ra and (imi) . 


77 V( 6 xbt) 
exp -77 + te „ 

4(5 5^x^b^ 


- ) < exp ( - 


^ + ( 4 . 


19) 


By (|4.9p . recalling that p < 2, and for x > X 4 {r]) we have 6 x > 1, hence the upper bound 

£^(fe)p-2 < ^ < !2i£ < X, 

Cl ^ ^ “Cl - 8C11 - 86 


(4.20) 


Recalling the definition of S{p,t,x) in (14.8p . and also in (I2.14h that tll{xbt) < 1 for x > 1 
and t < t 2 {x), the RHS of (|4.19l) is bounded by 


exp (-^) = exp{-3(r Vs)|log(tn(x6t))|} 

= im{xbt) f^^'>+^ {tU{xbt ))^^"''"'’~^. (4.21) 


We keep the hrst term and apply (I2.14p to the second term. Then the last line of (I4.2ip is less 
than 

where for x > xe{e,ri) > X 5 , we have ^ 3 ;(p- 2 )( 2 (rvs)-i) ^ This completes the proof of 

the Lemma. 

□ 


Lemma 4.3. Let s > 0, 0 < p < 1. If ([Ll holds, there exists xt{£,p) > xq such that for each 
x > X'l and all t < t^, 

P > x) < P > x(l - p)bt^ + £ {m{xbt)Y ^^. (4.22) 

If (HSI) holds, under the same conditions, 

P > x) < P > x(l - p)bt'^ + e {m{xbt)Y^^ ’ 

and 

p < -x) < P < -x(l - 7?)6t^ + e {mixbt)Y^^. (4.23) 


Proof of Lemma 14-3\ ' As before, here we only prove (14.221) under the assumption (11.41) . Choose 
0 < 77 < 1 , then there exists a constant X 7 (p) > xq{£,p) such that, for all x > x^ and t < 14 , 
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S{r],t,x) < 1 — T] (recall (j4.9p l. we can decompose the event in the LHS of (I4.22|) into the 
following; 

P > x) <P (Axf> x{l - r])bt^ 

+ P > X, Axf< 6 xbt'^ 

+ P > X, 5xbt < Axf< x(l - r/) 6 t) . (4.24) 

By Lemma 14:^ given any £ > 0 , for x > XQ{e,r]), t < t 4 {e,r],x), the second term is less than 
£(tn(x 6 t))^'''^. Recalling that /bt, the third term is less than 

P (^Axf> 6 xbt^ + P > rjx, Axf< 6 xbt < Axf. (4.25) 

By ()4.12p . the second term in (I4.25P is less than e(tn(x 6 t))'’’''^. 

Hence for each x > xj and t < 

p (Axt*^> > w,) < (C5r°ffl(i6,))’'^' 

< AZm (tn(xb,)y*' < e (tn(xb,)y*‘, (4.26) 

by p2.6l] . p2.12p . ^2.141) and (I2.13P respectively. Here we used p4.9p to see that 5~^{r],t,x) < 
Ciologx/rj, thus ( 5 “'^h+ 2 )x /’“2 ^ q g^g 3 . ^ oq_ This completes the proof of p4.22p . 

□ 

The next lemma gives an upper estimate for the lower tail of the trimmed process in a similar 
way as Lemma 14.21 Recall the definition of Axj:^'^ in m- 

Lemma 4.4. Let £ > 0 and 0 < rj < 1. If (m holds, for each x > X 7 and t < ti{e,ri,x), we 
have 

P < -r?x, < 5xbt^ < £ (m(x 6 t))'^^. (4.27) 

Hence, we also have for each x > xj and t <t 4 , 

P(H^)St <-x)<P > x(l - r/) 6 t) + £ (m(x 6 t))'^^. (4.28) 

Proof of Lemma \4.4\ Let £ > 0 and 0 < ?? < 1. Similar to the proof of Lemma [4. 21 the lefthand 
side of p4.27p equals 

P — at < —rjxbt, < 5xbt^ < P — tv{5xbt) < --rjxbt, AA^*"''^^ < 5xbt 

(4.29) 

On {AAj^^^^ < 5xbt}, recall the truncated processes in (|3.2I) and (13.31) . 

(r,s)A^ = (OXi + ^ AA®“ > ^ Axf^ 

i=l i=l 

r 

> Af^* - ^ AA^^ljAAf^ < 6 xbt} 

i=l 

> Af - rdxbt > Xf^^* - ^rjxbt. 
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From the argument above (j4.15jl . we see that r6 < jrj fov x > xy- This gives an upper estimate 
of (j4.29l) as follows: 

P - tu{5xbt) < -^rjxbt, < bxh'^ < P - tu{5xbt) < -^vxh^ . 

Evaluate the expression in the same way as ()4.15p and (I4.16p . writing h = 6 xbt to get, for any 
A > 0, e > 0, 

P (^Xf ^(e) < -^vxbt'^ = P < E (4.30) 

Similar to (I4.18p . noting that for each x < 0, e“* — 1 + x < el®lx^/2, 

E = exp t [ (e-^y - 1 + Ayl{|y| < 1}) U{dy) 

^ ^ [ P<\y\<h ^ ^ 

< exp [te\^y\X^/2 [ y^n(dy) ) . 

\ Je<\v\<h I 


(4.31) 


Then we can take e 0 in (|4.31l) . By the same procedure as p4.19D and p4.20D . for x > xj, the 
last line of (I4.30p is no more than 

^ , C'r f,.p-2\ _ _ f V , V\ _, V 


I -Is + I - 


The rest of the proof of p4.27p follows exactly like Lemma 14.21 

Next to prove (14.281) . we proceed as in the proof of Lemma 14.31 For x > xj, the lefthand 
side of P4.28I) is smaller than 

P > x(l - 7?)6t) + P < -X, AX^^"+^^" < 5xbt^ 

+ P < -X, 6xbt < AXi^"+^^" < x(l - r/)6t) . (4.32) 

Recall in (|4.24l) we have for all x > xy, 6 < 1 — t]. By (I4.27D . the second term is less than 
e (tn(x6t)) . The third term of (I4.32|) is no more than 

P < -X, AXi^"+^^" < 5xbt < AX^"+^^" < x(l - r])bt'j + P ^Axf> 5xbt^ . 

(4.33) 


Recalling (I4.12E apply the same inequality in (14.2711 with s replaced by s + 1. Then the first 
term of ^4.331) is less than 


P < -r]x, Ax}*+^^“ < 6xbt'^ < eP {m{xbt)) 


s+2 


(4.34) 


By the same argument as in (I4.26p . for any x > xj and t < t 4 , the second term of (I4.33h is less 
than 


1 /^<s-l-2 

{m{6xbt)y^ < .^-^6-(^+^Pm{xbt) {m{xbt)) 

- < e{m{xbt)y^\ (4.35) 


s+1 
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Put (I4.3.sp . (I4.34|) and (j4.35p together to complete the proof of (j4.28p . 


□ 


Summarizing the bounds derived in Lemma 14.11 Lemma 14.31 and Lemma 14.41 we get our 
desired inequalities in the next lemma. 

Lemma 4.5. Let e > 0, 0 < r] < 1, and m hold with G. Then there exists 

X8{s,r],G) > xi such that for all x > xg, 


and 


(1 — s) limsuptn^(x(l + r])bt) < {(r + 1)!(1 — 

40 

< lirninf ^tn^(x(l — r])bt) + £tll{xbt 


(1 — e) limsuptn (x(l + rj)bt) < {(s + 1)!G(— 

40 

< liniinf (x(l — r])bt) + stll{xbt 
Under the same conditions, if (II3|) holds with G, then for x > X8{£,ri,G), 

.pm(x(l + r/)6t) < <;(r + lj! G’(-x) + 1 - G’(xj) 

40 


_ r r ~ ~ 1 'I 1 

(1 — e) limsuptn(x(l + r/)6() < Gr + 1)! G(—x) + 1 — G(x)) > 
/in 11 J J 


< liniinf (tn(x(l — r])bt) + £tll{xbt)) 


(4.36) 


(4.37) 


(4.38) 


Proof of Lemma \4.5[ Fix e > 0 and 0 < r/ < 1. In (12. 6 p . replace x by x(l + 77 ) and from Lemma 
14.11 for X > X8 {£,t],G) such that for all x > xg, y = xrj > 7 / 0 , then put (12.6p and (14.21) together 
to get, 


(^tn^(x(l + 'n)bt)j < P > x(l + r/) 6 i^ < (1 + e)P’(^'’’*^5'i > x). 

Take limsupj^Q on both sides. By the portmanteau theorem, we get the lefthand inequality in 
()4.36p . from 


I — £ 
1 + £ 


l/(r+l) 


limsuptn^(x(l + ri)bt) < ( (r + 1)! limsup > 2 :) ) 

40 y 40 J 


l/(r+l) 


< ( (r + 1)!(1 - G(x)) 


l/(r+l) 


(4.39) 


To get the righthand inequality in (I4.36p . take x(l — ??) > xs in (j2.6p . Then by Lemma 03] 
and ( 12 . 6 p . > x) is less than 


P > x(l - 77 ) 6 /) + e {m{xbt)Y^^ < 


(tU^{x{l - r])bt)'^ 
{r + 1 )! 


+ e (tn(x 6 t))'’^^. 
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Take liminf^o on both sides, to get 


lim inf 
tto 


trT^(x(l -r])bt)^ 


(r + 1)! 


+ I > liniinf > x) 


> lim inf St > x) for some x > x, 

40 

> 1 — G{x') (by portmanteau theorem) 
^ 1 — G{x) as x' X. 


Hence we have for each x > 0, 


lirninf ^tH (x(l — r])bt) + £tll{xbt)j > {(r + 1)!(1 — G(x))) 


l/(r+l) 


Combining (14.391) and (14.401) . (14.361) follows. (14.371) and (14.381) are proved similarly. 


(4.40) 


□ 


The next result is crucial in replacing a small z > 0 by xbt for appropriate t{z, x) and x so 
as to make use of the inequalities from Lemmas 14.11 to IT31 


Lemma 4.6. Assume (11.41) or 03]) holds with nondecreasing bt- For each z > 0 and x > 0, 
define 

t{z,x) := inf{u > 0 : > zjx]. (4-41) 

Then 0 < t{z, x) < 00 , t{z, x) | 0 as z/x —)• 0 and for each fixed x > 0, 


-bt(z,x) ^ - as ^ I 0. 
Z ^ ' X 


(4.42) 


Proof of Lemma \43 ^ or m implies | 0 as t | 0, so 0 < t{z, x) < 00 and clearly 
t(z,x) I 0 as z/x I 0. When bt is a continuous function, we have, for each z,x > 0, xbti^^^^) = - 2 ;. 
Suppose bt is not continuous. We can find n > 1 such that, for all z,x such that zjx is small 
enough so that t{z,x) < 1, we have 


1 

n + 1 


< t{z, x) < 


1 

n 


Then since bt is assumed to be nondecreasing, we have 


b (l/(n + 1)) < ^ < h{z,x) < b (1/n). (4.43) 

Fix X > 1. Then let z | 0 so that zjx —)• 0, which implies t{z, x) | 0. Thus n —>■ 00 . Recall from 
Lemma 12.31 that (m or (jl.Sp implies 6(l/(n + 1)) ~ 6(l/n). Apply this fact to (I4.43P to get 

Km . 

□ 


Lemma 4.7. Assume (II.4p or (II3]) holds with nondecreasing bt- 
such that, for all y > 0, 




I{{zy) 


= y 


Then there exists an a > 0 
(4.44) 
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Proof of Lemma 4-'^' First assume (m holds. Fix 0 < £,7] < 1/2 and y > 0. Choose 
xq{£, 1 ], y) > x% such that for all x > xg, both x and xy > x%{£, rj,G){l + 2r]). Hence Lemma 03] 
applies to both x and xy. Abbreviate 

A(x) := {(s + + {(r + 1)! [1 - . (4.45) 

Note that for any real sequences (on) and (fe„), 

lim inf + lim inf < lim inf (a^ + 5„) < lim sup(an + bn) < lim sup + lim sup bn- 

n n n ^ n n 

Add (I4.36P and (j4.37p in Lemma 031 to get, for each x > xg, 

(1 — e) limsuptn(x(l + r/) 6 t) < A(x) < lim inf (tn(a:(l — r])bt) + 2£tll{xbt)) . (4.46) 

40 40 

Take x > (1 + 2ri)xg, by (j4.46|] we can choose t 5 {£,ri, x,y) < so small that whenever t < 


^ X 


m 


l + 2r] 


{l + r])bt < 


1+6 


A 


1 — £ \ 1 + 2 r/ 


(4.47) 


and 

tn(xybt^^^] > (l + 2e)-i 


l-2r] 


tn xybt 


+ 2 £tli ( xybt 


> (1 + 2e) 


-1 


1 — r] 

1-27/ 

in ( xybt ^_ ) + 2 etn ( xybt 


1 — 7 / 

1 - 2r/ 
1 

1-27/ 


1 — £ . 
> -A 


l + 2 e \l-2rj 


xy 


Take z > 0 and define t{z,x) by (14.411) . Then by Lemma 14.61 there is a zg sufficiently small that 
t{z,x) < t 5 {£,r], x,y) and 


1+7/ 


xbt{z,x) <z< 


1 — 7 / 


1 + 27/ “ “1-27/ 

Then with t = t{z, x), we have for z < zg, 


xbt[z,x) whenever z < zg. 


tii{z) < tn 

and for each y > 0 , 

tlHyZy) > tn 

Letting z 0, we see that 


" (l+,)6,)<—A 


1 + 2r( 


x 


1 — £ \l + 2r] 


w/ -y (i_,)4>Lz1a 


1-27/ 


l + 2 e VI- 2 ?? 


xy 


n(z) /l + 2eV A(x /(1 + 27/)) 
hm sup =;—- < ' ' 


^40 n(2;y) Vl-ey A(xy/(1 - 27/))' 


(4.48) 


(4.49) 


In a similar way as (I4.47l) - (l4.48p . we derive estimates in the other direction and obtain the 
lower bound 




1 — e \ A(x /(1 — 27/)) 


40 U{zy) \l + 2£j A(xy /(1 + 27/)) 


(4.50) 
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Write fx{y) = A(x)/A(xy). Since fxiv) is a nondecreasing function in y for each x, by Helly’s 
selection principle, there exists a sequence {xn} —>■ oo such that for some monotone function 
©(•), we have 


lim 


A{Xr, 


n^oo A{Xny) 

Let X = Xn{l + 2rj) in (I4.49p . we have 


= &{y) at each continuity point y > 0 of 0(-). 


(4.51) 


lim sup 3^^ 


< 


l + 2e 




lio'^ n(zy) \l-e J A{xnyil + 2y)/(l - 2r])) 

Let re —>■ oo on the RHS of (j4.52p to get for y(l + 2r/)/(l — 2r/) a continuity point of ©(•); 

2 


(4.52) 


n(z) 

lim sup =- 


^40 n(zy) 


< 


1 + 2e 
1 — £ 


0 2 / 


1 + 2y 

'l -2y 


If y is a continuity point of ©(•), we can choose y —>• 0 in a way that y(l + 2y)/(l — 2y) is also 
a continuity point of ©(•). Then 


. n(z) 

hm sup =- < 

z4.o n(zy) 


1 + 2g 
1 — g 


©(y). 


Next let g —>■ 0 to get 

lim sup < ©(y). 

zio Ii{zy) 

Similarly choose x = x„(l — 2y) in (j4.50p . and let re —>■ oo and y, g | 0 in the same way to get 


lirninf 


^40 n(2;y) 


> © (y). 


This shows that 



^^■0 n ( 2 ; y ) 


©(y) at each continuity point y > 0 of ©(•). 


Next appeal to Feller ([8], Lemma VIII 8.1, p.268) to see that necessarily, ©(y) = y“ for some 
a > 0. This completes the proof of (j4.44p from ()1.4p . 

Next assume (II.5p holds. We replace the definition in (|4.45D by 


A'(x) := ((r + l)!(G(x) + G(-x))j 


and replace (I4.46h by (I4.38h . The rest of the proof remains the same. This completes the proof 
of Lemma 14.71 


□ 


Lemma 4.8. In Lemma J^.l. we can restrict a to < a < 2. 
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Proof of Lemma \4-^ By (|2.12p and (|2.14p , there exists a constant 0 < C \2 < oo such that for 

2 /> 1 , 2/2 < 1 , _ 

Ci22/'-" < < C52/^. (4.53) 

n(zy) 

The lefthand inequality in (I4.53P follows from (12. Sp and (I2.14p . which gives 


U{zy) < C 2 


Vizy) V{z)^_.{1 + C2)C2^,_2t, 


V{z) 


-y - < 


y^-'^U{z) := Cfiy^-^U{z) 


Cl 


Hence (j4.53p shows that we must have 0 < a < oo in (j4.44p . For a > 2, the Levy measure fails 
the integrability condition, i.e. 


/ 

J 


(1 A n(dx) = oo. 


So 0 < a < 2. Last suppose a 
1, p.273, we have 


2 and recall that = 0. Then by Feller [S] VIIL9, Theorem 

r x^U{x) 
hm — —, , , = 0. 

x40 2 f yn(y)dy 


This implies x^II(x)/[/(x) —>■ 0, so that Xf is in the domain of attraction of the normal law, 
contrary to assumptions. We can conclude that 0 < a < 2. 


□ 


So far we have shown that either (II.4p or (jl.5p implies that the Levy measure has regularly 
varying singularity with index —a and a € (0,2). Next we need to treat the two cases separately 
to get the limit of H {x)/Ii{x) as x 0. A complication comes when starting from assumption 

.— (j) _ 

(|1.5p as the distribution of the ordered modulus jump XX^ is expressed in terms of both H 
and n (see (15.6p below) whereas in asymmetrical trimming, the ordered jumps only 

involve H . 


Lemma 4.9. Under the conditions of Lemma 4C. m implies the limits 




exist. 


240 n( 2 :) 

Proof of Lemma \4.9^ Recall the definition of A(-) in (I4.45P and note that for all x > 1, 

{(s + 1)!G(-x)}^/("+iVA(x) < 1. 


(4.54) 


We proved in (|4.51l) that for some sequence {x^} 


lim 

n^oo 


A(xfi) 

A(Xn2/) 


= y^ 


(4.55) 


for some a G (0,2) and each y > 0. By taking a further subsequence if necessary, still denoted 
by {xn}, we have 


lim 

n—>-CO 


{(g + l)!g(-Xn)}i/(^+i) 
A(Xn) 


0 for some 0 < 0 < 1. 
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Proceeding similarly to (j4.47j) . using (j4.87p . take x = x„(H-2r/), and sufficiently small z > 0 
with t = t{z, x) in (|4.41l) . we have 


tn (z) < tn ( xbt ] ^ f ) ( (^ + 1)'^ ( ~ 


' 1 + 2r/ 


1 — £ 
1 + £ 
I — e 




1 + 2 ?? 


(4.56) 


Similar to (I4.48p . take y = 1 — 2r?/l + 2?? and x = Xn/(1 + 2r?), and for sufficiently small z > 0 
with t = t(z, x), we have 




1 + 2)) 7 “ V 1 + 2e 

Putting (|4.56l) and (I4.57P together, 


1 + 2 ?? 


1 — e 
1 + 2e 


A(x„). 


U-{z) 


< 


l + 2e\ ((s + 1)!G (—Xn,)) 


n(2:(l - 27?)/(1 + 2r?)) \ £ 

By ()4.44D . we see that, for sufficiently small z > 0. 


i/P+i) 


A{Xr. 


(4.57) 


(4.58) 


n (z) ^^l + 2e^ ((® + 1)!G (—Xn,)) 


n(z) 


1 — e 


1 - 2 ?? 


i/P+i) 


A(x,, 


(4.59) 


Now we can take limsup^j^Q on the lefthand side and n —)■ oo, e, r? | 0 on the right hand side, to 
achieve the upper estimate 


Similarly, we also have 


limsup _^ ^ < 9. 

zio n(z) 


ii„,i„tlLM> 


240 11(2:) 


This completes the proof of (14.5411 for IT and II^ is similar. 


□ 


5 Extra argument for Modulus Trimming 

Lemma 14.91 completes the proof of Theorem 11.11 from assumption (11.40 . The next lemma starts 
from assumption (jl.5p and gives the last ingredient of the proof. Note that an extra argument 
is needed (see (j5.5p - (15.1211 L 


Lemma 5.1. Under the conditions of Lemma f.l. (|1.5p also implies (|4.54p . 

Proof of Lemma fXTl - Recall that G. Fix e > 0 and 0 < r? < 1/3. By (I4.23p . for 

X > xg, t < t^ we have 


P{Ax[ ^ < —x(l — r])bt) > St < —x) — e (tn(x6t))^'''^ > (1 — e)G(—x—) — e (tl[{xbt)) 


r+1 


\ r+l 


(5.1) 
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By (14.421) . for x > xg and sufficiently small z > 0 with t = t{z, x), we have by (jh.ip . 


~--'(r+l) . / —^ (r+1) 

P{AXl <-z)>P{ AXl 


< -xbt 


1 — T] 

1 - 2r] 


> (l-e)G' - 


1 - 3r] 


—e 


xbt 


1 - 2r] 


r+l 


Write 


A(x) = (r + 1)! (g{-x) + 1-G{x 
By (|4.42p (also see (j4.47ll - ()4.481) 1. 

r+l 




<(l + e) 


l + 2r] 
1 - 3r] 


□((r+l) 


(l-e)'’+i \l-3r] 


tn (xbt 




l + r] 
1 - 37 ] 

X 


r+l 


1 - 3r/ 


where the second line is due to (|4.44l) and the last line is due to (j4.38p . Therefore we have for 
X > xio{e, rj) > xg and sufficiently small z > 0 with t = t{z, x), 

P{AX^t^^^ < -z) ^ il-E)Gi-x/{l-3ri)) _ ^i_m{xbt/il - 2r,))Y+^ 


{miz)) 


r+l 


{m{z)y+^ 


> 


1 — e 
1 + £ 


r+2 


1 - 3r] 
l + 2r] 


{m{z)y+^ 

G(-x/(l - 3 t?)) 
A(x/(1 - 3r/)) 


— £. 


(5.2) 


We can get an upper bound of the ratio in a similar way. By (14.41) . with x' = x/{l + 2r]) and 
y = rjx' j{l + 2rf) we have for sufficiently small z > 0 with t = t{z, x), 

P(^r'^ < -z) < PiAX^r'^ < -x^^bt) < (1 + syG{-x/il + 2r,)). (5.3) 

Again by (j4.44p and the RHS of (j4.38p . we have 

r+l 


(tn{+’'+‘>(in(xi„i^)) 


> 


> 


> 


1 — e 


1 — T] 


(l + e)’'+i ’ 

[^1 + 37] 

1-e 

f 1-r] 

(1 + e)’'+i ' 

^l + 3ri 

(1-e)^ , 

f l-T] 


(l + e)’’+i \l + 3r] 


Q(r+1) 

Q(r+1) - 

Q(r+1) 


tii xbt 


+ etii xbt 


1 — r] 
'l + 2r] 


tn ( xbt - — 1 + ( xbt 


'l + 2r] 


1 — r] 
l + 2r] 

1 

l + 2r] 


r+l 


- r+l 


A 


1 + 2 ?? 


(5.4) 


Putting p5.3p and p5.4p together, we can achieve an upper bound as follows. 


P{AX 


(r+l) 


< -z) 


TT/ 


< 


(m(z)) 


1 + £■ 
1 — £ 


r+3 


l + 3r] 
1 — r] 


a(r+l) 


G(-x/(l + 2i?)) 
A(x/(1 + 2r])) 


(5.5) 
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- --(r+1) 

Next we would like to extract the information about IT {z) from P{AX^ < —z). To achieve 
this, observe that II^ is absolutely continuous with respect to Ifl'l, and dehne the Radon- 
Nikodym derivatives L By a similar calculation as in (12.51) (see [2] for more details), 

we have 

<-z)= [ g-{y)Pi\AX^r'\ G dy) 

Jy>z 

= [ (by ([23])) 

Jy>z 

> [ n(y)"n-(dy). (5.6) 

Jy>z 

The second line follows by noting that the image measure of Lebesgue measure under mapping 
is (dy)^ = ni l. The third line is due to the fact that g~{y)'n}\dy) = n“(d?/). Recall from 

(|2.14l) and (I4.42p that we have for x > xii{e,g) < xio{e,g) and t < 

tli{z) < tIi{xbt/2) < C'j{xI1l)^~'^ <e<— log(l — e). 

Hence > 1 — e in (15.61) and by (15.51) . 

4>^n(y)-n-(dy) ^ r\ p(Kxt^^'^ <-z) 
n(^)r.+i (tn(z))"+' 

< r- G{-x/{l + 2g)) ^ 

Vl-ey Vl-f/y K{x/{l + 2g)) 

Note that the LHS of (|5.7I) does not depend on x. Since G/A is bounded, there exists a sequence 
{xn} —)• oo such that the limit 


6 := ^-2^ —exists and is in [0, l/(r + 1)]. 

A{Xn) 

Choose X = Xnil + 2g) on the RHS of (|5.7p . take n —>■ oo and then e | 0, r/1 0 to get 

4>,n(r/)^n-(dy) 


lim sup ■ 

2->-0 


n(z)^+i 


< 


With a similar argument using instead ()5.2p . we can obtain the same lower bound for the liminf. 
Putting the two together we have shown 


P.n(i,rn-(dv) 

lim —-=- 

2^0 u{zy+^ 


e. 


Define a measure W (dy) by its tail function 


W{z) = [ n(y)^n-(dy) 

Jy>z 



W{dy). 


(5.8) 
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Then we have 11 (dy) = !!(?/) '’Vh(dy). Hence for each z > 0, 


n (z) = / n{y)-^Widy). 


Iy>z 


Note that n(z) is a nondecreasing function in z which has value 0 at 0. We can write 


U{z)-^ = 


' 0<y<z 


d(n(y)- 


Exchange the order of integration by Fubini’s theorem to get 

n-(z) 1 f 


n(2;) Jy^z \Jo<x<y 

1 r 


d(n(x)-’’) W{dy) 


+ 


n(2;) Jy>z \Jo<x<z Jz<x<y 
1 


d(n(x) 


Widy) 


n(z 

W{z 


'0<x<zJ y>z 


f W(dy)d(n(x)-'’) + f I dW{y)d{U{x)-^) 

Jv>z Jx>zJy>x 


+ 


u{zy+^ 

W{z) ^ r 


W(x)d(n(x)- 

W{x) 


u{zy+^ n{z) n(x)"+i 


nN(da 


(5.9) 


We assume n(x) > 0 for all x > 0 in (15.91) . otherwise truncate the integrals at the right extreme 
of n. Recall that n(y) is assumed continuous, so dH ^(x) = H ^ (x )nl'l(dx). Note that by 
(I5.8jl . we have W{z)/Ii{zy~^^ —>• 0 as z ^ 0. Thus the first term in the last line of (j5.9p converges 
to 0. To deal with the second term, we observe that for any given <^ > 0, there exists (/?(<^) >0 
small such that with 0 < y < </?(?), we have by (15.8p that 


0 ( 1 -?) < < 0(1 + ?). 
n(y)'’+i 

Choose z < +(?). Then we can write the integral in the last line of (j5.9l) as 

J-[ J^nN(d,) 
n(z) n(y)-+i ^ 

W{y) 


(5.10) 


n(z) 


r ^ r ,). ,). (5.n) 

Jz n(y)'^+i n(z) n(y)'^+i 

As n(0+) = oo, lim^_>.o T2('2) +) = 0. By (j5.10j) . we can bound Ti above and below as follows: 

Ti (+ +) < ^0(1 + ?) r ni l(dy) = r 0 (l + ?) f 1 - 

n(z) Jz V n(z) / 


and 


-c)^’’ni i(d!,) = r«(i -«) (i - ||f|) . 
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Take z ^ 0 to get 


r9{l - ?) < limTi(^, < r9{l + ?). 


Since limits exist for both Ti and 3^2) we can add them together to get 


A n(;/)''+l 

Now take ? —0, then the last line of (15.911 tends to 9 + r9, hence 



I 


Ifl'dd?/) < r9{l + ?). 


(5.12) 


n(z) 


lim ^ = 0(1 + r) < 1. 


This completes the proof. 


□ 


Remark 4. ITe note here a distinetive difference between our small time and Kesten’s large 
time derivations fJWj) in Lemma [5A[ The singularity inHatO is required to eliminate y 2 {z, (/?) 


in (j5.11ll . 


So far we have proven that under the conditions in Theorem 11.11 with diffuse Levy measure 
n, either (II.4p or (ll.5p implies IT is regularly varying with index a G (0, 2) at 0 (see Lemma I4.7L 
Lemma 14.Sp . Lemma 14.91 shows that (II.4p implies the limit II (x)/n(x) exists as x 0 and 
Lemma l5 .1 1 proves the existence of the limit from assumption (11.511 . In the next section, we will 
remove the extra assumption on the Levy measure II to complete the proof in the most general 
setting. 

6 Remove the Continuity Assumption 

In this section, we aim to show that it is enough to prove Theorem II.II with the assumption 
that the Levy measure of Xt^ i.e. II, is a diffuse measure. To see this, let us construct a Levy 
process X^ with a continuous Levy measure II* by the following procedure. 

Let {Ut)t>o be a subordinator with Levy measure nt/(dx) = dxlo<x<i and having jump 
process {AUs)s<t independent of {Xt)t>o- Define Yt := ^Q^^^^sign{AXs)AUs{AXsff, t > 0. 
Then Yt is a Levy process. 

Recall that by the Levy-Ito decomposition, we can write Xt as 


Xt — ‘jt + aZt + Xf 

where X^ is the a.s. limit of a compensated jump process, i.e. 



Convolve the jump process X^ with the randomised quadratic variation process, i.e. define 
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Then let the new process be defined as 


x; =jt + aZt + x/’* = Xt + Yt 


where 7 , a, Zt are the same as occur in Xt- 

Denote gg = sign(AXs), 0 < s < t, and the jumps of X^ by {XX*)s<f Note that the 
positive jumps of X* can only consist of the positive jumps of Xt as AXg and gsAUs{AXs)‘^ 
are of the same sign. Similarly, the negative jumps of X^ correspond to the negative jumps of 
Xt- The difference between AX* and AX^ are only by magnitude but not by sign. Hence for 
each 0 < u < 1 , X > 0 , 


T? SX A VI + 4ux - 1 \ _jT+{ VI + 4ux - 1 

^ 2 ^ l(AX,+g,«(AX«)2>a:) “ ^ ^ I > -=- > “ 


0<s<l 

Similarly, for AX^ < 0, 


0<s<l 


2u 


2u 


^ '^{AXs+gsu{AXsf<-x) 

0<s<l 0<s<l 


E Y, i(aX, < 


1 — Vl + _ —- f Vl + 4ux — 1 




2u 


Hence the Levy measure for X^, denoted by H*, has tails, respectively, 


n*’^(x) = 




{AXa+gaU{AXa)^>x) 


du= H" 


^ —+ / Vl + 4nx — 1 


0<s<l 


2u 


2u 


dn 


and ^ 

H (x) — E 2 ^ '^{AXa+gaU{AXa)‘^ < — ~ 

0<s<l 

Since H has only a countable set of atoms, integration of its tail functions against Lebesgue 
measure means that H ’ and H ’ are continuous at each x > 0 . 

Recall we have explained in Section 12.11 that without the assumption of continuity, (|1.4I) or 
(II.Sp implies St is tight at 0. Also we eliminated the cases when Xt is in the partial domain of 
attraction of a normal law, so = 0, and also the degenerate case. We deduce that St is in the 
Feller Class at 0. By Mailer and Mason 2010 m Theorem 2.1, for each subsequence {t^ i 0}, 
we then have the convergence of the bivariate Levy process 


—- / Vl + dux + 1 


du. 


Yty — at 


y 





( 2 :', J '), 


through a further subsequence, denoted by tk’ i 0 , where ' indicates that the limit depends on 
the choice of the subsequence. Here J' is the quadratic variation process corresponding to the 
Levy process constructed from X' . Hence both X' and J' are a.s. finite random variables. This 
implies that the quadratic variation process is of order as 11 0 i.e. 


V := (AX,)' = 

0<s<i 


Now under the conditions of Theorem ll.il let (II.4p hold. Then observe that 

{r,s) _ at _ {r,s )_|_Zl_ 
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For each r G N, let AX^ ^ ' be the r largest positive and negative jumps in up till time 

t. Also denote by AX^’^ ^ the largest modulus jump in X^ up till time t. By construction 
in (j6]), for each 0 < s < t, we have sign(AX*) = sign(AA 5 ) and |AA*| = [AA^I + AUslAXs]"^■ 


Hence AA, 


*(r),± 


> AA 


h).± 

t 


a.s. 


and lAA 


*,{r) 






t I — 


> |AA^ I a.s. with AA^ having the same sign 


as AA^ . Note that the jumps {AUs)s<t of U lie in [0,1]. So 


0 < IAA;’^’’^ - AA^^I < (AA^V < Hi = Op{bj). 

Similarly, 

0 < AA;^'’^’^ - AAf= Opib'f). 

Also 

0 < |a; - Ail = IHI < Hi = Op{bj). (6.1) 

From these we conclude that as t j, 0, 




< -r = Op{bt) 0 and 
bt 


\(r)x* - MAil 


= Op{bt 


0 . 


Therefore (II.4p or (jl.Sp implies that or also converges as t j, 0. Since X* has 

continuous Levy measure H*, by our proof in Section [3l converges as t j, 0. Therefore by 
m, St also converges as t j, 0. In this way, we have established the result in general. This 
finally completes the proof of Theorem 11.11 □ 
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